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. We list all the lowest dimension effective operators inducing off-shell trilinear neutral gauge boson 

^— «j ' couplings ZZ"f, Zyy, and ZZZ within the effective Lagrangian approach, both in the linear and 

^v^j , nonlinear realizations of the SU(2)l x U(1)y gauge symmetry. In the linear scenario we find that 

these couplings can be generated only by dimension eight operators necessarily including the Higgs 
boson field, whereas in the nonlinear case they are induced by dimension six operators. We consider 
the impact of these couplings on some precision measurements such as the magnetic and electric 
dipole moments of fermions, as well as the Z boson rare decay Z — * vv^j. If the underlying new 
physics is of a decoupling nature, it is not expected that trilinear neutral gauge boson couplings may 
affect considerably any of these observables. On the contrary, it is just in the nonlinear scenario 
where these couplings have the more promising prospects of being perceptible through high precision 
experiments. 
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I. INTRODUCTION 



o 
o . 

The present agreement between experimental data and the standard model (SM) suggests that the energy scale A 
O ' associated with any new physics should be large compared with the electroweak scale v = (v^Gf) 1 ^ 2 = 246 GeV. To 
infer the existence of new particles as heavy as A through their virtual effects, effective Lagrangian (EL) techniques 
have been extensively used to study quantities which are forbidden or highly suppressed within the SM |l|-|3|] . Among 
these quantities, self-couplings of electroweak gauge bosons constitute a sensitive probe of nonstandard interactions 
j|. Experimental bounds on possible anomalous W + W~ Z(~f) couplings have reached an accuracy of the few percent 
level in both hadronic and leptonic colliders ^,[§, Du t the situation looks less promising for anomalous ZZZ,ZZ~/, 
and Zjj couplings Unlike W + W~ Z(j) couplings, trilinear neutral gauge boson couplings (TNGBC) vanish 

when the three bosons are real. Another interesting peculiarity of TNGBC is that they must be induced by loop 
effects in any renormalizable theory since they cannot possess a renormalizable structure. In the SM, TNGBC are 
generated at one-loop level by fermion triangles being very suppressed even in the presence of a fourth fermion 
family |J. There follows that it is convenient to carry out a model independent study of TNGBC using the EL 
method to parametrize any anomalous contribution. Within this approach, there are two well motivated schemes to 
parametrize virtual effects of physics beyond the Fermi scale via effective operators involving only SM fields, namely 
the linear and the nonlinear realizations. 

In the linear realization or decoupling scenario it is assumed that the light spectrum of particles, which fill out 
multiplets of the electroweak SU(2)l x U(1)y gauge group, includes at least the physical Higgs boson of the SM. 
Because of the decoupling theorem, virtual effects of heavy physics cannot affect low energy processes dramatically. 
Nonetheless, any new effect, in spite of its smallness, may have significant effects on the couplings which are absent or 
highly suppressed within the SM. Starting from the SM fields and assuming lepton and baryon number conservation, 
there is no way to construct any odd dimension operator respecting the linearly realized SU(2)l x U(1)y symmetry. 



'Throughout this work we consider the general case of off-shell bosons, unless stated otherwise, but they will be denoted by 
V rather than V . 
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As for dimension six, operators of this class were comprehensively studied in jnj. It was shown that there are 84 
independent dimension six operators. 

In the case of the nonlinear realization or nondecoupling scenario, the parametrization of new physics effects arises 
when it is assumed that the Higgs bosons are very heavy or do not exist at all. The scalar sector is comprised only 
by Goldstone bosons, which transform nonlincarly under the SU(2)l x U(1)y group. It is also possible to introduce 
light scalar fields in this parametrization, but they cannot be recognized as Higgs bosons since such fields do not 
couple to the remaining light particles as dictated by the Higgs mechanics p| . Since the low energy theory is 
nonrenormalizable under Dyson prescription, heavy physics does not decouple from the low energy processes. We 
may think of this scenario as the one in which the EL parametrizes unknown physics which would not obey the Higgs 
mechanism. In this case, the most important operators are the ones which induce the masses of the W and Z gauge 
bosons, prescribing also the general structure of the W + W~ Z(j) couplings These operators have dimension two 
and four. 

At the lowest order, anomalous W + W~ Z{^) couplings are induced by dimension six operators in the decoupling 
scenario. In the nonlinear scheme, they receive contributions from dimension four operators. In contrast, at the lowest 
order, TNGBC are induced by dimension eight operators in the linear realization and by dimension six operators in 
the nonlinear one. In the latter case there are also some dimension four operators which give rise to the ZZZ coupling, 
but they are proportional to the scalar part of the Z boson (d^Z^). It can be shown that such operators may be 
eliminated by means of a transformation which leaves invariant the iS-matrix Jl3| . Consequently, any anomalous 
contribution to TNGBC is expected to be more supppresed than those inducing nonstandard W + W~ Z(j) couplings. 
It must be stressed, however, that any potential effect must be carefully examined as it may constitute a clear evidence 
of new physics. 

The structure of TNGBC has already been studied in the context of effective theories, initially at the level of 
vertex functions Jlifl , However, in this approach it was considered the case where two particles are real and just one 
is virtual. It is only very recently that the analysis of the off-sell vertices has been done under the U(l) cm gauge 
invariant framework, including the study of the respective EL. By invoking Bose symmetry, Lorentz covariance, and 
electromagnetic gauge invariance, the most general structures inducing TNGBC with three off-shell neutral bosons 
were constructed ]Tq| . As was shown in Jf6| , the U(l) cm gauge invariant framework is equivalent to the nonlinearly 
realized SU(2)l x U(1)y invariant case. Such an equivalence is explicit in the unitary gauge. The choice of using 
either framework is only a matter of convenience. In particular, the nonlinear scheme is convenient in working out 
loop calculations, as the presence of Goldstone bosons allows to quantize the theory with the aid of a renormalizable 
R ( gauge. 

It is clear that a comprehensive study of TNGBC must include both the linear and the nonlinear schemes. To our 
knowledge the former has never been studied before. One of the aims of the present paper is to present a complete 
list of the effective operators which induce TNGBC at the lowest order in both realizations of the SU(2)l x U(1)y 
gauge symmetry. Not all the operators that can be constructed respecting the Lorentz and electroweak symmetries 
are independent since a certain class of general transformations allows to rule out some of them without affecting 
the S- matrix elements ff7j| . In the course of our classification we have found operators with terms containing higher 
derivatives which resemble the covariant structure of the equations of motion; there are also operators with terms 
which are proportional to the scalar part of the Z boson (d^Z^). It has been shown in |ll|[l8| that both types of 
structures can be eliminated in favor of other operators already present in the effective Lagrangian. Such a procedure 
is only valid at first order in the unknown effective parameters of the theory as any effective Lagrangian is assumed 
to describe the effects of well-behaved new physics just in this approximation. Consequently, after performing the 
required transformation, the equations of motions can be used to eliminate any redundant structure, expressing the 
respective operator in terms of other ones. This whole procedure does not affect the S'-matrix elements. In order to 
present all the independent operators, we will classify them according to the following criterion: those which can not 
be reduced using the equations of motion will be referred to as irreducible, the remaining ones will be referred to as 
reducible. 

After classifying the operators, our paper will be concerned with the sensitivity of some precision experiments to 
new physics effects arising from TNGBC. Although persuasive theoretical arguments indicate that trilinear gauge 
boson couplings are not expected to be larger than the one percent jl9|,^0|], the Large Hadron Collider (LHC) as well 
as the planned Next Linear Collider (NLC) are expected to constrain them at a level of I0 -4 -I0~ 6 [ff|]2l|]. As long as 
TNGBC are concerned, the size of their effects will be suppressed by powers of (u/A) 4 and {v/A) 2 in the linear and 
the nonlinear scenarios, respectively. We will examine whether some high precision measurements may lead to any 
reasonable bound on these couplings. The anomalous W + W~-f(Z) couplings have been constrained from a global 
analysis of the LEP/SLC observables at the Z pole 0. To draw any inference about the size of TNGBC we will 
consider the muon g — 2 value, the known limit on the electric dipole moment (EDM) of the electron, and the current 
limit on the rare decay Z — > W'y. 

Our paper is organized as follows. All the lowest dimension operators that generate TNGBC in the linear scheme are 
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presented in Sec. II, following the classification criterion already explained. Besides, the respective Lagrangians and 
vertex functions are shown explicitly. In Sec. Ill, a similar analysis within the nonlinear scenario is presented. Sec. 
IV is devoted to examine the possibility of obtaining constraints on the couplings out of high precision experiments. 
Finally, the paper is closed with some concluding remarks in Sec. V. 

II. THE DECOUPLING SCENARIO 

This section focuses on the itemization of all the lowest dimension operators that generate at least one of the 
couplings ZZZ, ZZ^f or Z77 within the linear realization of the SU(2)l x U(1)y electroweak group. To construct a 
basis of independent operators with a given dimension, we must consider some aspects concerning the independence 
of the S-matrix under a wide class of transformations which leave it invariant ||l7f . For instance, it was shown 
in | fL8f that some operators, which consist of a piece containing higher derivatives, can be eliminated in favor of 
others by using a specific transformation, leaving unchanged the ^-matrix elements at any order of perturbation 
theory. Another situation arises when an operator is proportional to the scalar part of the Z boson. While the latter 
kind of structures give vanishing contributions when the Z boson is on mass shell or is virtual but couples to light 
fermions, the situation is not the same in the case of the top quark. In this respect, this kind of operators can also 
be eliminated by performing a transformation which does not alter the S'-matrix elements [ p"3"| . It must be noted 
that both transformations are equivalent to applying the equations of motion. Beside these considerations, we have 
made a systematic use of integration by parts to rule out any operator related to others through a surface term. 
Consequently, we will catalog the operators inducing TNGBC as reducible or irreducible. 

Any SU(2)l x U(1)y invariant involving only bosonic fields can be constructed out of the covariant structures B^ Vl 
W^j, = \(J l W^ vl and -0^$, where the covariant derivative is defined as = — igW^ — ig'B^, and $ is 
the Higgs doublet. Using these basic structures, we can built the following SU(2)l x U(1)y invariant and Lorentz 
covariant structures of dimension two through five 

B^, $t$, &D^, $tW p „$, B^B X ", Tr[W^W A "], ^{D^D, + D U D^, tfW^D^. (1) 

Note that another set of SU(2)l x U(1)y invariant and Lorentz covariant structures can be generated by operating 
with the ordinary derivative on these expressions. Any nonrenormalizable bosonic operator can be built by choosing 
the appropriate combinations of these structures to form Lorentz scalars. The ordinary derivative can act on the last 
expressions in several ways, but the contractions d^B^ and d^(& D^), being proportional to the scalar part of the 
Z boson, are special because in both cases we can use the equations of motion to eliminate the resulting operator. 

Let us now discuss the general Lorentz structure of TNGBC. The lowest dimension operators which can be assembled 
out of the basic structures have dimension six |u|. It is easy to see that no dimension six operator induce TNGBC, 
which unavoidably leads to search for eight dimension operators. In principle, the combination which can give rise 
to TNGBC may involve the 4- vectors and Z^, together with the antisymmetric tensors F^ v = d^A^ — dyA^ and 
%nv — d^Zy — d u Z^. Owing to U(l) cm gauge symmetry, the electromagnetic field can only appear as A^ through 
the respective covariant derivative, which operates on charged fields only. Therefore, the photon must appear in any 
term through the tensor field F^. Due to the antisymmetry of the F^ v and Z^ tensors, it is not possible to generate 
TNGBC using only these structures: it would be necessary to have at our disposal three antisymmetric tensors. There 
follows the absence of the 777 vertex in this gauge invariant scheme. 

To construct the ZZZ , ZZ7, and ^77 vertices, we must use at least a Z boson in the Z^ form, which is allowed 
because this field couples to neutral fields. The 4-vector Z^ is contained in the covariant derivative, which in the 
bosonic sector operates only on the Higgs doublet. As a consequence, the Higgs mechanism plays a special role 
in this type of couplings. In particular, the Higgs presence increases the dimension at which the operators can be 
generated in comparison to the nonlinear case, where this field is absent. The Z boson may appear through the 
combinations Z\pZ^ v , Z\Z^ Ul Z^Z^, and Z^. The building blocks necessary to construct these couplings are & D^Q, 
^{D^D v + D u Dp)^ ) and ^W^Dx^>, which, after spontaneous symmetry breaking (SSB), induce the structures Z^, 
Z^Z V , and Z flv (F IJ-l j)Z\, respectively. The irreducible operators may contribute to a given physical process through the 
specific structure of TNGBC, while the reducible ones may contribute to it via contact diagrams in which an internal 
line associated with either a Z boson or a photon has been amputated, for instance when the equations of motion 
are used to replace the term d fl B IJ ' 1 ' with the respective current. Therefore, the irreducible operators deserve a more 
careful study than the reducible ones. We will present thus the Lagrangians and vertex functions in the irreducible 
case, whereas in the reducible case we will list only the respective operators and the Lagrangian prescribing the 
off-shell electromagnetic properties of the Z boson. In the next section we will enumerate the operators of dimension 
eight that generate TNGBC. 
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A. Irreducible operators 



We begin by classifying those operators which cannot be eliminated using the equations of motion. We will categorize 
them according to CP symmetry. 

1. CP-odd operators 

The operators we are interested in have the form Oid p Oj, where Oi is any of the SU(2)l x U(1)y invariant 
expressions shown in ([!]). Given these operators it is immediate to construct the new ones (d p Oi)Oj , which also 
belong to the irreducible group, but they are not independent at all since they are related to the original operators 
through a surface term. Bearing this in mind, we obtain the following four independent CP-odd operators of dimension 
eight 

Owwi = i2d\&D^)Tv [W^WaJ + h.c, (2) 
Owbi = i(&W MV D x $)d x B> a ' + h.c, (3) 
OwB2 = i(^W^D x ^B Xv + h.c, (4) 
Obbi = i{&D^)B Xv d x B pv + h.c (5) 

Notice that the operator Obbi contains three SU(2)l X U(l)y invariant structures which can be contracted with 
the ordinary derivative in three different ways, leading to the same number of operators. One of them, namely 
id x (^ D^)B Xv B^ v , is irreducible, but can be expressed by means of integration by parts in terms of Obbi and the 
reducible operator D^)(d x B Xl ^)B^ , which will be considered later. 

2. CP-odd structure of the ZZZ , ZZ'y, and Z77 couplings 

The 4-vector arises from the term ($t D^) after SSB, whereas the antisymmetric field tensors and 
appear through the relations 

B — CwP^v s w Z^ v , (^a) 

Wl v = s w F uv + c«V + ig{W~W+ - w+w-), (6b) 

where s w (c w ) = sin8 w (cos9 w ), with 8 W the weak mixing angle. After the decomposition of these operators in terms 
of the mass eigenstate fields, we are left with several Lorentz structures corresponding to TNGBC, though not all 
of them are independent. Some of them are identical, which is manifest after a subtle manipulation of their Lorentz 
indices, whereas other ones are related through a surface term. Consequently, the ZZZ, ZZ'y and Z77 couplings can 
be described by the following independent Lorentz structures 

^l P z°zz = fl? Z Z x Z, u d x Z^ + fii z Z,„Z x »d x Z p , (7) 

£ C L P z°z d * = fl^Z^F^Z^ + fl^Z x Z^d x F^ + f^Z x F^8 x Z^, (8) 

£l P z 7 T - fZPF^F^frZp + f L TZ x F^d x F^ , (9) 
where L is a subscript standing for the linear scheme. The coefficients f zzz are defined by 

Il\ Z = ~ a 2W ? 2( c w e WBi + s w eBBi) + c w ewB2 , (10a) 
4gm| L J 

c 3 

/l2 = (10b) 

9m z z 
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J LI T e WWl, 

gm z 



(11a) 



rZZf _ C w 

II2 ~2gm% 



2(c w e W Bi + s w e B Bi) + 



(lib) 



f ZZl 

JL3 



S2v 



4gm 2 z 



2(c w 6bbi — s w ewBi) ~ s w ewB2 



rZfv S w S2w 

hl = ~2g^ ewWU 



(11c) 
(12a) 



JL2 



2gm 2 z 



2(s w e WB i - c w e B Bi) + 



(12b) 



with S2w — 2s w c w . We have also introduced the definition ej = (m^/A) 4 ^^ where ai is the arbitrary coefficient 
associated with each operator in the EL scheme. The vertex functions are presented in Appendix I. 

3. CP-even operators 

Operators of this kind can be obtained from the CP-odd ones by replacing each strength tensor with its respective 
dual, namely W M „ = {l/2)e lxl/Xp W xp , and a similar expression for B^ v . There is a couple of independent CP-even 
operators associated with each one of the CP-odd operators Owwi, Owb2, and Obbi- Note that in these operators 
both W tensors are contracted via only one of their indices, leading to two independent combinations of the dual 
tensor. On the other hand, in Owbi the W and B tensors appear contracted by both indices. Since the two possible 
combinations of dual tensors are equivalent, just one CP-even operator can be constructed from Owbi- In this way, 
there are seven independent CP-even operators 



®wwi 



O 



wwi 



i2d x (&D li $)Tr 
i2d x (&D ll ®)Tr 



O 
O 

o 



WB1 



WB2 



WB2 

o~^ = 



BB1 



o 



BB1 



W"Wa„ +h.c, 
W""W A „] +h.c, 
i(&W^D x <S>)d x B^ + h.c, 
i(&W ia ,D x &)di>B Xv + h.c, 
ii&W^Dx^B^ + h.c, 
i(&D^)B x „d x B» v + h.c, 
i{&D^)B Xv 8 x B^ + h.c. 



(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 



We can make the ordinary derivative operate on the remaining SU(2)l x U(1)y invariant terms out of which the pre- 
vious operators are constructed. The resulting operators are also of the irreducible kind, but they are not independent 
since, as explained in the CP-odd case, all of them are related to the first ones through a surface term. 



4- CP-even structure of the ZZZ, ZZy, and Z77 couplings 

After a careful analysis of the Lorentz structure induced by the CP-even operators, we find that the ZZZ, ZZj, 
and Z-f-f couplings are characterized, respectively, by two, five, and three independent Lorentz structures 



CP— even 
L-ZZZ 



gi^Z x Z^Z^ + gt^ZxZ^Z 



7\V 



(20) 



£ C l-zzT = gl^F^dxZ* + g Z L ^Z^F Xl >d x Z» + 

g z h pZ Xv F^d x Z ll + g z L pZ x F^d tl Z Xv + gf^ Z x Z^d il F Xv , 



(21) 
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-»C P—even 
"L-Z77 



= gf^dxZ^F^ + g Z L ^d x Z»F x »F^ + g Z L ^Z x F^F x \ 



(22) 



where the coefficients are 



„zzz _ s 2w 
9L1 -Ag~m- 



2c, 



( e WWl + € WWl) + 2 ( Cw€ WBl Sw€ WbO + Cw€ 



WB2 



ZZZ _ s 2w 



9L2 = 



\gm\ 



CwE WB2 2SwC BBl 



ZZy _ s 2w 

9li ^4^4 



2Cw ( € WWl + e BBl) + Sw ( e WB2 + 26 WbO 



ZZ-y _ S 2w 

9l2 ~ 4gm% e wwv 



(23a) 
(23b) 
(24a) 
(24b) 



ZZ~i c 
9L3 = 



2gm% 



C ™( 2e WBl + 6 WB2^ + 2Sw ( e wy/1 + £ RR1 ) 



WW1 1 BB1' 



ZZ~f _ c w 

5i4 ~2^| 



Su > e WB2 + 2Cw€ BBl 



(24c) 
(24d) 



ZZ7 _ c w 

9l5 - 2gm\ 



2Sw€ BBl Cw€ WB2 



Z77 c w s 2' 

97i — —7; 9" e 



2gm 2 z 



(24c) 
(25a) 



Z77 s 2 

Hi 2 - — 



Agm 2 z 



Cw£ WB2 + 2 ( Cwe WBl Sffi Wl) + 2 s e BBl 



(25b) 



Z77 _ c 

9L3 — 



2gm% 



Sw€ WB2 + 2Cw€ BBl 



The vertex functions are also presented in Appendix I. 



(25c) 



B. Reducible operators 

The operators belonging to the reducible class are proportional to the SU(2)l x U(1)y invariants d^(^' D^) and 
d^B^. While those operators containing the term d^{&D^<&) are proportional to the scalar part of the Z boson, 
those proportional to the d^B^ have the peculiarity that they generate the Lorentz structures required to define the 
off-shell electromagnetic properties of the Z boson, namely the transition magnetic (electric) dipole and quadrupole 
moments. All of these operators can be reduced to others by using the equations of motion. To define these structures, 
it will be necessary to include some operators of dimension ten, but as they can always be expressed in terms of other 
operators we will content ourselves with list them. We will also present the Lagrangian prescribing the off-shell 
electromagnetic properties of the Z boson. The operators will be classified according to these properties. 
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1. Operators that generate the off-shell electromagnetic properties of the Z boson 



All these operators are proportional to the SU(2)l x U(1)y invariant d^B pv . There are four operators of this class: 
one couple of CP-odd ones and another couple of CP-even ones 

Owbz = ^($ t W^^ v $)^ A P A „ + h.c, (26) 

Obbz = i(&D ft <f>)B» v d x B Xv + h.c, (27) 

0~ m = i(&W^D^)d x B x „ + h.c, (28) 

°Sb 3 = i(&D^)B^d x B Xv + h.c (29) 

To define the off-shell electromagnetic properties of the Z boson, it is necessary to include the following operators of 
dimension ten 

Owb = i{&Vt^D x $>)d^d x d p B pu + h.c, (30) 
0$ B = i{^D^)B^d^d x d p B pu + h.c, (31) 

01 Sb = ^W^Dx^d^dPBpv + h.c, (32) 
0^ B = i(&D x <S>)B^d p d x d p B plJ + h.c (33) 

We have excluded any redundant operator, as the ones related through a surface term. The operator Odb = 
^{DpDv + D l/ D ll )<^d^d\B Xu , which does not contribute to the electromagnetic properties of the Z boson, can be 
eliminated by using the equations of motion. The Lorentz structures defining the off-shell electromagnetic properties 
of the Z boson can be conveniently parametrized by the following Lagrangian 



where the coefficients are 



(/if + hlF^Z®—^- + (/if F"" + hfF^)Z x9 ^ dx9PZpv 



(34) 



s 



* = (35a) 



s 



2 

2w 



H t . (35b) 
ftf = -i^ e ,„, (35c) 

Syj€- 

h z = _i^ ?10 . (35d) 

S W G 

The parameters eg and eio depend on the coefficients of the operators of dimension eight and ten, and are given by 

e 8 = s w ewB3 + 2c 

w^BB3 ■> 

(36a) 

es = s w e^ m + 2c w e~ m , (36b) 

£10 — S w €iyb ^ c w^BBi (36c) 

e w ^ Sw e^ B + 2c w e^ B , (36d) 
where ej° = (mz/A) 6 ai are the coefficients of the dimension ten operators. The transition moments are defined as 
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p z = —J—^.(h?-h3), (37a) 
Q% = - 2 -^hf, (37b) 

— VE^^W-^' (37c) 

where (c?z) is the off-shell magnetic (electric) dipole moment and Q™{Q e z ) is the magnetic (electric) quadrupole 
moment of the Z boson. 

2. Operators proportional to the scalar part of the Z boson 

These operators are characterized by the SU(2)l x U(1)y invariant d^&D 11 ®). There are three CP-odd operators 
of this type 

Oww2 = i2d x {& D x §)Tt [W f W^] + h.c, (38) 
Obb2 = id x (&D x $)B^B» v + h.c, (39) 
O d * = iSt (£>„£>„ + D v D M )$^($tD"$) + h.c. (40) 

The last operator generates only the ZZZ coupling, which can be expressed by integration by parts as a coupling 
proportional to the scalar part of the Z boson. As for CP-even operators, there are only a pair of this kind 

O w ~ 2 = t2d x (&D x $)Ti [w^W""] + h.c, (41) 
°BB2 = idx(&D x $)B^B^ + h.c. (42) 
We have ignored any operator which can be expressed as a linear combination of those given above. 

III. THE NONDECOUPLING SCENARIO 

We will proceed now to consider the possibility that new physics effects do not decouple from low energy physics. 
In this situation, the relevant SU(2)l x U(1)y invariant structures are the same as in the linear case, with the Higgs 
doublet being replaced by the following unitary matrix 

U = e M ^], (43) 

where the <jf scalars would become Goldstone bosons. The covariant derivative in the nonlinear realization of the 
SU(2)l x U(1)y group is defined as T>^U = d^U + igW^U — ig'UB^, where the Abelian field is now defined as 
B M = (cr 3 /2)P AI . The basic structures out of which TNGBC can be constructed are the SU(2)l x U(1)y invariants 
Tr [(7 3 l^D M [/] , Tr [[/^(D^D,, + D„D M )E/] , and Tr [WW^GxU] , which in mass units have dimension one, two, and 
three. Like their linear counterparts, these invariants are essential to construct any TNGBC because they induce the 
Lorentz structures Z^, Z^Z V , and Z\Z ilv {F llv ). Since these structures have a lower dimension than their analogous in 
the linear case, in the nonlinear scenario not only it is possible to construct dimension six operators inducing TNGBC, 
but it is also possible a larger number of independent operators. As we will show below, there exist some operators 
of dimension four which induce the ZZZ coupling, though not the ZZ~j and Z77 ones. Nevertheless, such operators 
are proportional to the scalar part of the Z boson and belong to the reducible group. We will use the same criterion 
used in the linear case to classify all of the independent operators. We will refrain from any technical detail already 
explained in the linear case if it is not relevant for the present discussion. 
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A. Irreducible operators 



These operators are proportional to the SU(2)l X U(1)y invariant structures Tr [a^C/^D^C/] and Tr [U^'W ^ U D\U] . 
We will classify them according to CP symmetry. 

1. CP-odd operators 

The dimension six operators resembling those of the linear scenario are the following 

Cwwi = 2i^j^d x Tr [aWn^U] Tr [W^W A „] + h.c, (44) 

Cwbi = z^j^Tr [U^W^BxU] d x B^ + h.c, (45) 

C W B2 = *^^Tr [C/tW^D A C7] d^B x " + h.c, (46) 

Cbbx = ^^ffiTr [a^B^U] B Xv d x B^ + h.c, (47) 

where we are using the symbol A, introduced in the linear case, to denote the new physics scale. As the structure 
Tr [o^L^D^t/] has dimension one, we can construct three new independent operators of dimension six which have no 
dimension eight counterpart in the linear realization. They are given by 



C DD = «4^ Tr [^U^D^U] DTr [<7 3 l/tD„l7] 9"Tr [^U^B^U] + h.c, (48) 



A^ 

Cdbi = ^fiTr [gWDJJ] 9a Tr [a 3 U^B u U] d x B^ + h.c, (49) 



Cdb2 = ^^Tr [aWB^U] d„Tr [a 3 U^B x U] 8 X B^ + h.c (50) 



Note that in the linear scheme the operator corresponding to Cdd have dimension twelve, whereas those related to 
£-dbi and Cdb2 are of dimension ten. These operators have the peculiarity that they induce TNGBC exclusively, i.e. 
there are no interactions containing a charged W boson, which can be seen by noting that the structure Tr [o^L^D^t/] 
is proportional to the boson in the unitary gauge. While the first one of these operators induces only the ZZZ 
coupling, the remaining ones generate both the ZZZ and ZZ^j couplings. There is no Z77 coupling arising from 
these kind of operators, which implies that the Lorentz structure of it is the same in both the linear and the nonlinear 
realizations of the electroweak group, at least at this order. 

2. CP-odd structure of the ZZZ , ZZ^, and Z'yy couplings. 

After decomposing the nonlinear CP-odd operators in terms of the physical fields, we have found that the ZZZ 
coupling can be described by hve independent Lorentz structures, and so is the ZZj vertex. On the other hand, the 
Z77 coupling becomes changed, as compared to its counterpart in the linear case, in its coefficients but not in its 
Lorentz structure. We thus have 

&n£$zz = £ c l p z°zz + fFdz^z v d»z» + /Iff z^d x z v d x z^ + f§ z JZ^Z x d x Z^, (51) 

^NL-fz, = £l P zz* + JlllZ,d x Z v d x F^ + f* z JZ,d„Z x d x F^, (52) 

r CP-odd _ r CP-odd /ro\ 
J ~NL-Z'y~{ — J ~L-Z~ r y ' l 00 - 1 

where the respective coefficients are obtained from those of the linear scenario (Sec. ||) through the relation 

fvj = (—) 2 fir, (54) 

\m z J 
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with the remaining coefficients being given by 



fZZZ 
J NL3 



2g 3 

—a Y € DD, 



(55a) 



fZZZ _ 

In la — 



2g 2 s w 



(55b) 



fZZZ _ 
JNL5 ~ 



2g 2 s w 



(55c) 



J NLA ~ -—T e DBl, 



(56a) 



f zz~i _ 2g 2 

JNL5 ~ -—2 e DB2- 



(56b) 



We have also introduced the definition = (m^/A) 2 Aj, where A^ represents the coefficient associated with each 
operator of the nonlinear scenario. All the vertex functions are given in Appendix 11. 



3. CP-even operators 



There are eight operators belonging to this class. Seven of them can be easily obtained from their linear counterparts 
whereas a new one is obtained from the CP-odd operator Cdbi when the tensor B^ v is replaced by its dual. The 
CP-odd operator which is equivalent to Cdbi is not independent as it generates TNGBC with a Lorentz structure 
already induced by the operators resembling those of the linear case. In this way, we are left with the following 
independent CP-even operators 



C wwi = 2*%^Tr [aWT>„U] Tr 



C 



WW! 



A 2 

2l \^i d x Tr [^tD^] Tr 



+ h.c, 
+ h.c, 





A ^WB1 


c ~ 




WB1 


A 2 


c~ 


„■ ^WB2 


WB2 


~ l A 2 


C ~ 


_ ■ X WB2 


WB2 


~ l A 2 


C~ 




'"BBl 


A 2 


C ~ 




'-'BBl 


A 2 


C ~ 






A 2 



Tr 



[/tW^D A C/ d"B Xl/ + h.c. 



Tr [U^W^DxU] d^B x " + h.c, 
iTr [o*U*T> ll U] B Xv d x B^ v + h.c, 



iTr [aWnpU] B Xv d x B^ v + h. 



iTr [a^U^Ti^U] d\Tr [a 3 U^T> v U] d x B t " J + h.c. 



(57) 
(58) 
(59) 
(60) 
(61) 
(62) 
(63) 
(64) 



4- CP-even structure of the ZZZ, ZZj, and Zjj couplings 



As far as their Lorentz structure is concerned, both the ZZZ and the ZZj couplings differ from their analogues in 
the linear realization. They receive a new contribution arising from the operator C D ~ 1 . The ZZZ coupling in turn 
is characterized by three independent Lorentz structures 
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p CP— even _ pCP— even , ZZZ r? a 7 aj™ /aK\ 

L NL-ZZZ — '-L-ZZZ + 9NL3 ^^ a \^^° & ■ l 00 J 

The Z Z^f coupling has six independent Lorentz structures given by 

CftZlzZ, = £ C l-zzT + 9 Z N llZ u d x Z^F^. (66) 

The Lorentz structure of the Zjj vertex coincides with the one of its linear counterpart. As for the coefficients 
appearing in the last equations, they are given in terms of the linear ones by means of a relation similar to (|54|). The 
remaining coefficients are 

zzz . 

g NL3 ~ 2 2 € DBV 



ZZ 7 _ _Cw_ ZZZ 
INL6 ~ „ 2 

The respective vertex function are presented in Appendix II 



ZZ~i _ ZZZ / fi o\ 

9nlg ~ ~—9nl3- ( bs ) 



B. Reducible operators 

As was the case in the linear scenario, we can classify the reducible operators in those contributing to the off-shell 
electromagnetic properties of the Z boson, and those which are proportional to the scalar part of the Z boson. 



1. Operators that generate the off-shell electromagnetic properties of the Z boson 



These operators are proportional to the SU(2)l x U(1)y invariant d u B f11 ' , and are obtained from their linear 
counterpart by replacing with Tr [a 3 WT> n U] . This give rise to dimension six and dimension eight operators. 

The ones of dimension six are given by 



C-WB3 
£-BB3 

c~ 

WB3 



A 



WB3 



A 2 
■ ^BB3 



Tr [[/tW^D^] d x B X u + h.c, 
Tr [Ui-DpU] B^8 x B Xu + h.c, 



A 



WB3 
A 2 



Tr 



d B\ v + h.c 



A 



s|l Tr [^u^B^U] B^ v d x B Xu + h. 



BB3 ' \2 

Just as in the linear realization, there is another CP-odd dimension six operator being given by 



£-db — 



^DB 

~7^~ 



Tr [J7 + (D^D V + D„D„)17] d^dxB^ , 



(69) 
(70) 
(71) 
(72) 

(73) 



which, however, does not contributes to the electromagnetic properties of the Z boson. The operators of dimension 
eight, necessary to an adequate definition of the electric and magnetic transition dipole and quadrupole moments, are 
given by 



£ 8 



A 



WB 



r 8 

>~BB 



£ 8 ~ 

WB 



A 4 

; A BB 
' A 4 

A 8 



■Tr [U^W^BxU] d u d x d p B pv + h.c, 
Tr [a 3 UT> x U] B pu d a d x d p B pl/ + h.c, 



WB_rj, T 



£ 8 



BB 



A 4 



BB 
A 4 



dad x d p B pv + h.c, 



Tr [a 3 U^B x U] B pv d u d x d p B py + h.c 



(74) 
(75) 

(76) 

(77) 



They induce the off-shell electromagnetic properties of the Z boson through the Lagrangian given in Sec. |l|. The 
coefficients /if 3 and /if 4 are obtained from those of the linear scenario after multiplying them by the factor (A/mz) 2 
and (A/mz) 4 , respectively. 
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2. Operators that are proportional to the scalar part of the Z boson 



These operators are proportional to the SU(2)l x U(1)y invariant c^Tr la^U^Ti^U] . As previously mentioned, 
there are a pair of dimension four CP-odd operators which generate just the ZZZ vertex. They are given by 



C\ = iAiTr [a 3 U^B v U] Tr [a 3 U^B u U] <9 M Tr [aWlPU] + h.c. 
C% = i\ 2 Ti [<j 3 U^B u U] d"Ti [C^(D M D V + D„D M )[/] + h.c. 



(78) 
(79) 



The linear counterpart of the operator L\ has dimension ten, while the one associated with L\ has dimension eight, 
as described in Sec. The remaining operators have dimension six, and are obtained from those given in the linear 
case by the replacement of & D^<& by Tr [o^f/tD^E/] . There are four operators of this type: one pair of CP-odd ones 
as well as one pair of CP-even ones 



C>WW2 
£>BB1 

C ~ 

WW2 

C ~ 

BB2 



2i 



A 



WW2 



2i- 



A 2 

^BB2 
A 



9 A Tr [ ( r 3 C/ t D A C/] Tr [W„„W^] + h.c, 



d x Tr [C/ t D A C/] B^B^ + h.c. 



WW2 



A 2 



<9 A Tr [cr 3 t/ t D A f7] Tr 



h.c, 



BB2 

A 2 



9 A Tr [C/ t D A C/] B^B^ + h.c. 



(80) 
(81) 
(82) 
(83) 



IV. CONSTRAINTS FROM PRECISION MEASUREMENTS 



Once a complete treatment of the effective operators inducing TNGBC has been presented within both the linear 
and the nonlinear realizations of the SU(2)l x U(1)y gauge symmetry, our major concern lies in how to get bounds 
on the respective coefficients of these operators from current phenomenology. In this respect, considerable work 
exists in the literature where bounds on anomalous trilinear gauge boson couplings W + W~j have been analyzed. To 
this purpose, measurements on some observables have been extensively used, such as the magnetic and the electric 
dipole moments of elementary fermions, the Z — ► bb branching fraction, as well as the processes e + e~ — > WW and 
W* — > As for TNGBC, bounds on these couplings have been obtained through the processes e + e~ — > Zj(Z) 

and qq — > Z'y(Z), although such studies involve only those operators in which two gauge bosons are on-shell. To 
obtain bounds on our operators, we will follow a similar approach as that in previous works. We will also consider the 
rare decay Z — > vUj, which is affected at tree level by TNGBC through the ZZj vertex. Since its SM contribution 
is insignificant |J, this process might offer an invaluable mode to unravel any latent new physics effect. 



A. Decoupling scenario 

We will start by examining the situation in the decoupling scheme of EL. Rather than performing any explicit 
calculation, it is worth to begin with estimating on a general basis the expectations we should have as regards to 
the size of TNGBC. It has been pointed out that persuasive theoretical arguments indicate that one loop generated 
anomalous trilinear gauge boson couplings are unlikely expected to be above the one percent level p2fl . Indeed, the 
fact that TNGBC are induced at one loop level suggests that they are of order (g/Aw) 2 in a wide class of models. It has 
also been conjectured that even in theories with underlying strong dynamics, trilinear gauge couplings are expected 
to have a sizeable enhancement. In the SM, the ZZ r f(Z) couplings are severely constrained, even in the presence of 
a fourth fermion family they are highly suppressed and thus out of the range of detectability H,[ll|. Regarding the 
bounds arising from phenomenological grounds, we would like to begin by examining in a qualitative way whether 
the current measurements on the magnetic and electric dipole moments of elementary fermions can give any useful 
bound on TNGBC. 

The effective operators presented so far not only induce TNGBC but also anomalous W + W~j couplings. An 
exhaustive analysis on phenomenological constraints would require to compute every contribution to the observable 
under study, including also the ones coming from all of the lower dimension operators inducing vertices which also 
affect the process. For the sake of simplicity, a crude estimate can be obtained if just some operators are considered 
at a time. In the specific case of the magnetic moment of leptons, which receives contributions from CP-even 
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operators exclusively, a profuse work has been devoted to study comprehensively the contributions from the lowest 
order effective operators respecting the SU(2)l x U(1)y gauge invariance, linearly and nonlinearly realized, which 
induce nonstandard anomalous couplings. In this respect, there are one loop generated operators of dimension six 
which induce W + W~j couplings, but not TNGBC. These operators contribute to the magnetic moment of leptons 
via their insertion in the loop diagram depicted in Fig. ^ p3]. Secondly, some dimension six operators directly induce 
the magnetic moment term at tree level, though they are generated at the one loop level. Finally, the redefinition of 
the gauge fields, necessary to an adequate definition of the quadratic part of the theory, also affects the anomalous 
magnetic moment value. To obtain bounds on the coefficients of the CP conserving operators, the full contribution to 
the anomalous magnetic moment of the muon was computed p4| |. In this respect, the strategy which has been found to 
be the most suitable for estimating the size of loops involving an effective vertex is that of dimensional regularization, 
together with the minimal subtraction (MS) renormalization scheme. According to it and retaining only the leading 
logarithmic dependence on the new physics scale A, it was found that the contribution from dimension six operators 
inducing the W + W~j vertex is given by 

So? = vo (^) 2 0(logA 2 /m^)a L , (84) 

where i]o is a factor dependent on the particular graph, and is directly related to the operator coefficients. 
Numerically, one obtains from this equation |5a M | /10~ 9 = ccl (1 + log A) /A 2 . If it is taken the accepted lowest value 
of 1 TeV for the new physics scale A, we are left with the unpromising result that the operator coefficient should be 
of order O(l) to have any chance of being detected. But this result is far beyond the estimate of oil, being of order 
(g/Air) 2 . Indeed, only the direct contribution is expected to give a measurable contribution to the magnetic moment 
of the muon. In view of this result, it is natural to think that we should not expect a better situation for TNGBC 
since they are generated by higher order operators. We note that dimension eight operators are suppressed by the 
factor (u/A) 2 , with v = 246 GeV the vacuum expectation value, with respect to dimension six operators. A rough 
estimate is obtained if we multiply (|84| ) with the suppression factor and evaluate again at A = 1 TeV. We obtain the 
discouraging result that ah should be of order 0(100), which is very unlikely to occur, to allow any TNGBC to be 
experimentally detected. By way of illustration, we have explicitly computed the contribution to the muon anomalous 
magnetic moment which is obtained by in trodu cing in the one loop diagram of Fig. [l] the effective ZZ^f vertex whose 



Feynman rule is given by equations (24a) and (103b). After isolating the divergent part, the application of the MS 
scheme gives 



li _ tw(* s l ~ l )9 ( m 




5 < ~ 256^ lX> ( * ) ' l0g ( — ) + (85) 



where Eli is the factor multiplying S2 W / '(5 m z) m the coefficient g^f 7 which is defined in (24a). In fact, if this equation 



is numerically evaluated we find that the actual bound is looser than the rough estimate. We thus see that it seems 
there is few hopes that a reasonable bound on CP-even TNGBC could be obtained from precision measurements on 
the magnetic moment of the muon. Although we have examined the situation of only one vertex, the same result 
is expected for the remaining ones. In fact, as shown in the appendices, the Lorentz structure which parametrizes 
TNGBC docs not differ essentially for each case. The best result would be obtained if all contributions add up 
coherently, though there is no evident reason to expect it. 

A similar analysis can be done for the CP-odd operators which contribute to the electric dipole moment of fermions. 
In this case a strong bound, from precision measurements on the electric dipole moment of neutron, exists on dimension 
six operators inducing anomalous W + W~j couplings ]2^ j. The respective operator coefficients are constrained to lie 
below the 10 -3 level. Since our CP-odd operators, which also induce anomalous W + W~j couplings, are of dimension 
eight in the decoupling scenario we could not expect to get a better bound for their coefficients. Once more, a rough 
estimate would be obtained by dividing the bound on dimension six operators by the suppression factor (v/A) 2 . 

Now let us focus on the rare Z boson decay Z — > vVj, which has been studied within both the SM realm and the 
EL approac h . It was shown that the SM contribution turns out to be negligible small, with a branching ratio of 
order 10 -10 ||[7 In the EL approach, this process arises at tree level, as depicted in Fig. ^. In addition it has also the 
advantage of receiving contributions from TNGBC only through the ZZ-f vertex, as depicted in Fig. ^ a. Although 
there are also lower dimension effective operators contributing to Z — > vv"f through the Feynman diagrams of Fig. ^| b 
and|| c ||, we will not include those contributions in here since they are not associated with TNGBC. Furthermore, 
we are only interested on estimating the best possible bound on TNGBC. 

The measurement of energetic single-photons at LEP arising from the decay Z — > vVj has been used to put a 
direct limit on the magnetic moment of the r neutrino pq| . For the purpose of the present analysis, the search for 
the energetic single-photons events on the data collected by the L3 collaboration may be translated into bounds on 
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TNGBC. In order to reduce backgrounds, the L3 collaboration required the photon energy to be greater than one 
half the e + e~ beam energy. It was obtained a limit on the branching ratio for Z — > vV'y of one part in a million 
when the photon energy is above 30 GeV |26|. To calculate the decay width, we will follow closely the notation 
of Pj. Expressing the invariant amplitude M. in terms of the variables x = 2k\.p\jm} z and y — 2k\ .p 2 / nv^ , the 
Z(k-i) — > A(ki)v(p\)v(p2) decay width is given by 

m pi pl-X 



JO 



T(Z - v V1 ) = I dx I dy\M\ 2 . (86) 



We have not imposed any energy cutoff since we want to estimate the TNGBC bounds in a conservative way. From 
the Feynman rules for the ZZ^f vertex in Appendix I is obtained 

|A4| 2 = ^(V + y 2 ) {l-x-y)-ixy)(a 2 + a 2 ), (87) 
a = a L = a L1 + a L2 - a L3 , (88a) 

a = a L = cxli - "L2 - «L3 + 5^4 + a L5 . (88b) 

As natural, there is no interference between CP violating and CP conserving couplings. The coefficients an (p-Li), 
which in turn are related to the CP-odd (CP-even) operator coefficients, can be extracted from (^lj) and (pi[), being 
given by 

S«4\ pzz-t 



S M =l^)«ff 7 . (8%) 

After performing the integration in equation (|S6| ) we have 

BR{Z -> v V1 ) = 2.912 x 1CT 5 (u\ + a 2 L ^ . (90) 

taking the value A = 1 TeV and considering the L3 bound on the respective branching fraction, we obtain again the 
result that the size of the ZZ"f coupling should be beyond any reasonable expectation to become perceptible through 
the process Z — > z/z/7. Stated in other words, we may not expect moderate bounds from this process. The reason 
of such a discouraging result is the natural suppression of dimension eight operators. Our viewpoint would be more 
pessimistic if we consider that in this calculation only those contributions arising from effective operators inducing 
the ZZj coupling have been included. However, there is no compelling reason to disregard any other new physics 
contributions, such as the ones coming from the Feynman diagrams shown in the figures 2a and 2b In view of 
our results, it is conceivable to state that any TNGBC associated with underlying physics respecting linearly the 
SU(2)l x U(l)y symmetry would not be measurable through the processes investigated in this work. However, we 
cannot discard the case in which certain TNGBC is given by a sum of loops whose contributions add up coherently 
to give a large value. 

B. Nondecoupling scenario 

We will turn to analyze the situation in the nonlinear scenario, where TNGBC are generated by dimension six 
operators. Therefore, we might expect a better situation than that in the decoupling scenario. We will see that the 
discussion for the linear scenario can be easily translated to comprise the nonlinear case. To begin with, we can see 
from the Feynman rules in appendix II that in the nonlinear scenario the CP-even ZZj vertex is parametrized by one 
extra Lorentz structure in addition to those parametrizing this vertex in the decoupling case. The result given in ( |85| ) 
for the linear scenario can be directly used if we consider the substitution rule applicable to the operator coefficients, 
that is gff^J = (A/mz) 2 gff 7 - We then have that the leading term obtained by including in the loop graph of Fig. |l| 
the ZZj vertex associated with gf^l is 
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So 



NLl 



t w (As 2 w - l)g (m 



256tt 2 



0?)' (*(£)'♦!) 



(91) 



where we have employed the conservative value A — > v. Numerically one obtains Sa^ L1 — —0.767 x 10 _9 ejvii. On 
the other hand, the data collected through the BNL E281 experiment together with the SM predictions put a bound 
on any new physics contribution to of —7.1 x 10~ 9 < <5a M < 22.1 x 10~ 9 at 95 %CL (£7|. As a consequence, 
probing Sa^ L at the ±10 -9 level provides a sensitivity to ejyi, of about 0(1) at most, which translates into a loose 
bound for the operator coefficients A j . This situation is not better than the result obtained in [H for the dimension 
four operators inducing W + W~"f couplings within the nonlinear scheme. Moreover, as there are other sources of new 
physics which can affect the anomalous magnetic moment, it is hard to think that any TNGBC could be competitive 
in this process, even in the nonlinear scenario. 

Re gard ing the rare decay Z — > yv^ , after the inclusion of all the contributions arising from the ZZ^f vertex we have 



that (87) remains valid, though (88a) and ( 38b) now read 



C*NL = a NL i + CHNL2 - CHNL3 + 2 UN LA + &NL5, 



(92a) 



a = a NL = a NL1 - o>nl2 - a»L3 + a»L4 + a»L5 + 2 (Xnlq- (92b) 
The new coefficients a^Li and Q-nh are obtained, with the adequate subscript substitutions, via the relations (|89a|) 



and (39b), which also hold for the nonlinear scenario. The coefficients /nl7 have been given in previous sections. We 



will only concentrate in the CP-conserving term, which has been widely studied in the literature. Equation ( |90| ) and 
the L3 limit for the respective branching ratio give the bound |3jvl| < 1-8 x 10 _1 if cxnl = 0. This is a more promising 
result than that previously found in the linear scenario. In fact, there exist a direct relation between the bound just 
obtained within the nonlinear scenario and the ones presented elsewhere under the parametrization derived in [ p"4[ . 
It will be shown below that qjvl = 2g 2 hf /(c w s w ) and olnl = 2g 2 /if / '(c w s w ) correspond to the low energy limit of 
the form factors hf used extensively to study the ZZ'y vertex in the case in which one Z boson and the photon are 
on-shell |2S| ]. Our bound translates thus into 

Ifcfol < 0.38 (93) 

if /if = 0, which agrees with previous bounds ^7j. Of course, the same result applies to hf when hf = 0. In 
this analysis, we have considered that the SM contribution to the rare decay Z — ► W7 is negligible, what is a 
good approximation since it was found that the branching ratio is of order 10~ 10 ||. We have also neglected the 
contributions coming from the operators which give rise to the effective vertices shown in Fig. ^]b and || c. This is the 
most optimum scenario indeed. It is likely that any TNGBC may be screened by any other sources of new physics 
arising from lower dimension operators. Therefore, a more c omp rehensive analysis must be done to disentangle any 
new physics contributing to the processes e + e~ (qq) — > ZZj |2q] . 



C. Connection with results derived within the U(l) em formalism 



In the last subsections, the EL parametrization we elaborated earlier was used to examine the impact of TNGBC 
on some loop induced processes. It was also examined whether it is possible to obtain any reasonable bound from 
the current limit on the branching ratio of the rare decay Z — ► 2/F7. These vertices were studied for the first 
time long ago, although only one particle was allowed to be off-shell H]. Following this approach, it has been 
customary to parametrize any new physics effects inducing TNGBC by certain structures derived out of U(l) cm gauge 
invariance, Lorentz covariance, as well as Bose symmetry, what corresponds to the so called U(l) cm framework 
The coefficients of such Lorentz structures arc taken to be form factors which actually comprise all our ignorance on 
the underlying dynamics inducing TNGBC. In general, these form factors depend on the squared momenta of the 
participating particles. Furthermore, as this dependence is unknown since the form factors are determined by the 
up to now unknown physics, it is necessary to make some assumptions to describe their behavior. This scheme has 
probed to be useful to constrain the low energy values of the form factors through Zj production in e + e~ and qq 
collisions at LEP, the Tevatron, and the future LHC [ pT[ . 

The latter formalism is to be contrasted with the EL method followed in this work, which in turn is well suited for 
studying new physics effects in a model independent way and no form factors nor extra assumptions on the unknown 
physics are required, but all our ignorance of the new physics lies in dimensionless (or dimensionful) coefficients 
associated with each effective operator, which in turn only depend on the new physics energy scale. Another peculiarity 
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of the EL formalism is that we are allowed to know what operators the new physics comes from, in contrast to the 
form factor scheme where we only know that the form factors themselves are generated at a given order in the U(l) em 
effective Lagrangian. To establish a direct connection between these two different formalisms is not an immediate nor 
an easy task. In a previous work [lq| both approaches, within the U(l) cm gauge invariant scheme, were considered 
and their relation was established. It was shown how the form factors are related to the coefficients associated with 
the effective operators arising from the U(l) em framework. At this point, it is natural to ask whether there is a direct 
connection between our own results, when it is considered the case of only one off-shell particle, and those derived 
from the form factor parametrization. We will show that in the case where the form factors are given their low energy 
values hf , there is a simple connection indeed. 

To show the relation between our results and previous ones, we will consider only the ZZj coupling, in the specific 
case where both the initial Z boson and the photon are on-shcll since it is the only coupling involved in the rare process 
Z — ► z/py. The most general structure for the ZZj vertex respecting Lorentz covariance, U(l) em gauge invariance 
and Bose symmetry is given by 



rffj 2a (fci,fc 2 ,fe) 



hf (k ai g aa2 - k a2 g aai ) + -\k^ (k 2 ■ k g a2a - k a2 k%) 



(94) 



where all the momenta are taken as incoming. Any term proportional to k a and k^ 1 has been omitted, the same is true 
for those proportional to k 2 2 because it is also assumed that the virtual Z boson couples to light fermions, as actually 
happens in the decay Z — > ££j. In this parametrization, the CP-conserving terms hf 2 as well as the CP-violating 
ones /if 4 are taken as form factors which depend on the dynamics of the underlying new physics, in general they 
are unknown functions of the squared momenta of the neutral bosons, namely k 2 , k 2 , and k\. Within the U(l) em 
formalism, as far as the form factors hf 3 are concerned, they receive contributions from dimension six operators, 
whereas the ones /if 4 can be induced by dimension eight or higher operators. Based on unitarity requirement, some 
authors have extensively used the approximation hf — hf /(l + s/A 2 )™, with n an integer, hf the form factor low 
energy value, and s the squared momentum of the virtual Z boson pS}] . If the energy scale A associated with the new 
physics inducing TNGBC is larger than the energy scale involved in the process, i.e. the squared momentum of the 
virtual particle, it is a good approximation to use the low energy values of the form factors. After the replacement 
hf — * hf is done in (|94|), we are left with the expression for the ZZj vertex which must coincide with the one 
obtained from our results in the nonlinear scenario. 

Considering the assumptions just described, we can obtain from the appendices the expression for the ZZj vertex 
arising from the lower dimension operators within either the linear scenario or the nonlinear one. The CP-odd part 
is given by 



r Z JZ a (kuk 2 ,k)= gi (k 2 -m 2 z ) 



fj2 



h e k^k v — k e k^k v 

ft ai c QQ2/ii' fL l ^2 ft a2 c oaiMi / 1 2 



(95) 



while the CP-even part is 

^aiu 2 a(kli ^2, k) = fi (k 2 — m?j) (k a2 g aia — k ai g a2 a) 

f% k ai (ki a k a2 k\ ■ k g a2a ) ~\~ k a2 (k2 a k ai k 2 ■ k g aiC 



(96) 



where the factors fi and gi are related to the coefficients ff Zl and z ' 7 , respectively. At first sight it seems there 
is no direct coincidence of the terms which multiply f 2 and 172 with those multiplying hf and hf in (p4[). However, 
after a judicious manipulation and with the aid of Shouten's identity, it can be shown that this is the case indeed. 
We thus obtain a simple expression for the ZZ^ vertex 



ZZ~f 



m 2 z ) 



ZZ~f 



[ka 2 9aii 



kai 9o 



0+/ 



ZZ7. 



(97) 



which do show an obvious connection with (|94T). Instead of giving explicit expres sions f or f ZZl and g ZZl , we will 

•oeffi 

and (92a)- (92b) for the nonlinear case. We thus have 



estab lish t he co nnection of hf and hf Q with the coefficients a and a appearing in (88a)-( |88b| ) for the linear scenario 



hf = 



Cyj S w QtL 

2g 2 ' 



(98a) 
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■ z C w S w OLL /„„, i 

30 = ~^2g~ 2 ' ^ ^ 

the same relation holds f or th ese co effici ents in the nonlinear scenario. Explicit expressions from f ZZl and g ZZl can 



be easily extracted from ( 89a ) and (| 



Finally, a few comments arc in order. Although the ZZ^ has the same Lorentz structure in both realizations of the 
SU(2)l x U(1)y gauge symmetry, the main difference is that the operators inducing these structures are of dimension 
six in the nonlinear scenario, whereas in the linear case they are induced by dimension eight operators. As a result, 
though the bounds found for the coefficients hf and h z Q apply in both scenarios, if they were translated into the 
operator coefficients a, and A^, looser bounds would be obtained in the linear scenario. Regarding the remaining 
TGBC, a similar analysis following the lines sketched above was done for the ZZZ and Zjj couplings. It was 
found that our results agree with those previously presented. Another interesting point to be noted is that, since the 
operators which induce the most general TNGBC vertices also induce those couplings with only one off-shell particle, 
any bound which has been put on the latter will be immediately applicable to the former. 



V. CONCLUSIONS 



In this work we have presented an analysis of trilinear neutral gauge boson couplings, ZZZ, ZZj and Zjj, under the 
context of the effective Lagrangian approach, both in the linear and the nonlinear realizations of the SU(2)l x U(1)y 
gauge symmetry. Particular emphasis has been given to the linear scenario since current literature lacks of an analysis 
in this line. The most general case with three off-shell bosons is considered. In the linear scenario these couplings 
receive contributions from dimension eight operators, whereas in the nonlinear scenario they are induced by dimension 
six operators. For completeness, we have included the Lorentz structure which parametrizes these vertices, ready to 
be used in any future calculation. Based on general considerations and actual calculations, we conclude that, if the 
until now unknown physics underlying the SM is of a decoupling nature, it is not expected that TNGBC could have 
a considerable impact either through their virtual effects or via direct production. In contrast, if new physics effects 
arise from a strong coupling regime at higher energies which is responsible for the breaking of the SU(2)l x U(1)y 
symmetry (endowing the gauge bosons with mass), the possibility of measuring their effects still remains. The EL 
approach indicates that, owing to the suppression of the operators inducing TNGBC, it is difficult that the effects 
arising from them may compete with those coming from other sources of new physics induced by lower dimension 
operators. However, it may happen that some fortuitous fact, such as some resonant effect, could give rise to large 
TNGBC in a particular model. In this context, it would be useful a study in a model dependent way to have more 
evidences which could lead us to a deeper understanding of TNGBC. 
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APPENDIX I: TNGBC VERTEX FUNCTIONS IN THE LINEAR SCENARIO 



In this appendix the vertex functions for the ZZZ, ZZj, and Zjj couplings within the linear scenario are pre- 
sented. We consider the most general case where the three bosons are virtual. The particle momenta are denoted as 
described below and will be taken as incoming everywhere. The CP-odd vertex functions are given by 

Z ai (k 1 )Z a2 (k 2 )Z a3 (k 3 ) vertex: 

2 

I^ff (**> k 2 , k 3 ) = fu Z T%« Z J 3 Z {kiM> k 3 ), (99a) 

i=l 

T alafa 3 Z ( k 1^2,k 3 ) = 2k lai {k 2ct3 k 3a . 2 - fc 2 ■ k 3 g a2a;i ) + 

2fc 2 « 2 (fci fci • k 3 g a3 a 3 ) + 2k 3a3 (ki ), (99b) 

^a 2 l a Z a 3 Z {ki,k 2 ,k 3 ) = k la2 (fc 2 • k 3 g aia3 - k 3ai k 2a3 ) + ki a3 (k 2 ■ k 3 g aia2 - k 2ai k 3a2 ) 
~H k 2ai {k\ ■ k 3 g a2a3 ki a3 k 3ct2 ) k 2oi3 [ki ■ k 3 g aia2 k 3oil k\ a2 ) 

+ k 3ai (fci • k 2 ) + k 3a2 (fci • fc 2 ). (99c) 
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Z ai (ki)Z a2 {k 2 )A a (k) vertex: 

r L a ^(h,k 2 ,k) = i2f^ T ^ a Zj (kuk 2 ,k), (100a) 



i=i 



r aia 2 a Z7 ( fc i^2, k) = k lct2 {k 2 ■ kg a±a - k 2a k ai ) + fc 2ai (fci ■ kg a . 2a - k la k a2 ), (100b) 

r aia 2 l Z7 ( fc i>fe, k ) = k ai (k 2 ■ kg a2a - k 2a k a2 ) + k a2 (ki ■ kg aia - fci a fc ai ), (100c) 

r QfQ 2 a Z7 ( fc i^2, k) = fci a2 (fci • kg aia - k la k ai ) + k 2ai (k 2 ■ kg a . 2a - k 2a k a2 ). (lOOd) 
A ai (ki)A a2 (k 2 )Z a (k) vertex: 

r L a ; a z 2 v(h, k 2 ,k) = J2 flr^r^M, k), (ioia) 

i=l 

r^ 1 - z c 7 7 (fci,fc 2 ,fc) = fci-fc(fc 2ct . 9 ) + fc 2 • k(k la g 

a\ct2 rvi a2 g ' ai a) 

+k ai (ki ■ k 2 g a2a - h a2 k 2a ) + k a2 (ki ■ k 2 g aia - k 2oil ki a ), (101b) 
r aia 2 a 77 ( fc i> fc 2, fc) = k a (k la2 k 2ai - k\ ■ k 2 g aia2 ). (101c) 
Following the same conventions, the CP-even vertex functions are given by 

ZZZ vertex: 

2 

T^ff (fci, fc, **) = E df Z ^afZ Z (ku k2,k 3 ), (102a) 
»=i 



r ai a 2 a3 {k\,k 2 ,k%) — fclai £a 2 Q3^^^2 ^"3 ^2a 2 e «l 03(1" ^1 ^3 ^3c*3 e aia 2 ^ii/fci fc 2 1 (102b) 

r"a 2 «I Z (fci, fe, fcs) = -f ^"^(fci, hi, fc 3 ) + fei • k 2 e aia2a3 „(h - fc 2 ) Ai 

+ fcl • fc 3 {k 2 -k 3 y. (102c) 

vertex: 

5 

r^f 7 (fci ; fc 2, fc) - E r^-f^Cfe!, fc 2 , fc), (103a) 

i=l 

r ai(>2a 7 (ki,k 2 ,k) — fci Q2 e ctQl ^^fc^fc 2 — k 2ai e aa2llu k^k2 , (103b) 

^aia 2 a 7 (fcii fc2j fc) = fci ■ ke aia2(xil k,2 — k 2 ■ ke aia2afl k^ — k a e aia2fJ/U k^k2 , (103c) 

-^afa 2 a ^{k\,k 2 ,k) — k a2 e aaifJ/U k^k2 — k ai e aa2fJ/lJ k^k2 , (103d) 

ck i ck 2 ck 7 (fcli fc2: fc) — fc2 ' ke aia2afJ- k2 — k\ ■ fcCajajQ^fcf — k a e aia2 ^ u k^k2 , (103c) 

r Q fa 2 a 7 (fcii fc2j fc) — k a2 e aaifJ/lJ k^ fc 2 ~~ fcai e aa 2 ^ii/fci fc 2 + fc ' (fcl — k 2 )e aia2a f Jy k 11 . (103f) 

Z77 vertex: 

3 

f^ 77 (fcl,fc2,fc) = E F "af^( fcl ' ^ 104a ) 
i=l 

rQ lQ2 Q 77 (fcl! fc2j k) ~ k 2 ■ fce QlC ( 2 Q^fci — fcl ' ^aiQ2a/i^2 ^ fc"2 ^ai/ii/^i fc 2 — fcai e aa 2 ^ffcl fc 2 i (104b) 

^Qia 2 Q 77 (fcij fc2j fc) = — k a e aia2liu k^k2 , (104c) 

ra ia2 a 77 (fcl 7 k 2 , k) = k\ ■ k 2 € aaia2 ^{k\ fc 2 )^ + fcla 2 £aai^ii/fci fc 2 fc 2 cti £aa 2 juy k^k 2 . (104d) 

Note that the vertex functions vanish for three on-shell particles. They are also symmetric under the interchange 
of identical particles, in perfect agreement with Bose symmetry. 
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APPENDIX II: TNGBC VERTEX FUNCTIONS IN THE NONLINEAR SCENARIO 



We are using the same conventions used in the linear case. The CP-odd vertex functions can be written in terms 
of those of the linear scenario plus some new terms 

ZZZ vertex: 

5 

r^ff^i, k 2 , h) = r^ a f a f( kl ,k 2 , h) + ]T /Iff r£«-f z z (h, k 2 , k 3 ), (i05a) 

^a^a 2 a3 ZZ (kl, k 2 , ks) = k\{k 3a2 g aia3 + k 2a3 g aiOL2 ) + 

k 2 (k 3ctl g a2Ct3 + k la3 g aia2 ) + k 3 (k 2 ), (105b) 

r^ataf ZZ (ki, k 2 , k 3 ) = -ki ■ k 2 (k 3a3 g aia2 + k 2ai g a2a3 + ki a2 g aia3 ) 

k 2 ' k 3 {k\ ai g a20i3 ~t- k 3a2 g aiCt3 -I- k 2oL3 g OLlOL2 ) 

-ki ■ k 3 (k 2a2 9a 2 a 3 ~r Kla 3 9aia 2 ), (105c) 

r a 1 L a 2 ~a ZZZ ( k i,k 2 , k 3 ) = k 3ct2 (k 3ai k 2ct3 - k 2 ■ k 3 g aia3 ) + k 2a3 (k 2ai k 3a2 - k 2 ■ k 3 g aiOL2 ) + 

k 3ai (k 3 ) + k la3 (k la2 k 3ai - fci • k 3 g 

) + 

k 2ai (k 2a3 k la2 - ki ■ k 2 g a2a3 ) + k loi2 (k la3 k 2ai - k x ■ k 2 g aia3 ). (105d) 

ZZ^f vertex: 

r^ L - Z Z ^(k u k 2 , k) = T L -J 2 z a \k^ k 2 , k) + f N Z Xi 2 ZZl {k^k 2 , k), (106a) 

K^ 2 ~ a ZZl {k u k 2 ,k) = (fcj - k 2 ) ■ k(k a2 g aia - k ai g a2a ), (106b) 

^ uiu 2 u 7 {ki ! k 2 , k) — k ai {k\ a k a2 k\ ■ kg a2a ) + k a2 (k 2a k ai k 2 ■ kg aia ). (106c) 
The respective CP-even vertex functions can also been written in terms of those of the linear case. 

ZZZ vertex: 

r^-J^ih,^ k 3 ) = f L a ; zz a z (k u k 2 , k 3 ) + 9 z N z L z 3 f^ L a 3 2a zzz (k 1 ,k 2 , h), (107a) 

^ 1 L a 3 2a ZZZ (ki,k 2 , k 3 ) = h ■ (k 2 - k 3 )e aia2Ce3fl k? + 

k 2 ■ (k 3 - ki)e aia2a3ft k^ + k 3 ■ (fci - k 2 )e aia2a3ft k^ . (107b) 

ZZj vertex: 

r^f Z7 (fci, k 2 , k) = f^ik.M, k) + g Z N Z L lf^- a zzz (k u k 2 , k), (108a) 

?l™ 2 ZZl {k u k 2 , k) = k-(h- k 2 )e aia2a ^. (108b) 
Finally, the Z77 vertex has the same Lorentz structure in both the linear and the nonlinear scenarios. 
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FIG. 1. Contribution from TNGBC to the anomalous magnetic moment of fermions in the effective Lagrangian approach. 
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